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FIELD-SPLIT PRECONDITIONED INEXACT
NEWTON ALGORITHMS∗

LULU LIU† AND DAVID E. KEYES†

Abstract. The multiplicative Schwarz preconditioned inexact Newton (MSPIN) algorithm is
presented as a complement to additive Schwarz preconditioned inexact Newton (ASPIN). At an
algebraic level, ASPIN and MSPIN are variants of the same strategy to improve the convergence
of systems with unbalanced nonlinearities; however, they have natural complementarity in practice.
MSPIN is naturally based on partitioning of degrees of freedom in a nonlinear PDE system by
field type rather than by subdomain, where a modest factor of concurrency can be sacrificed for
physically motivated convergence robustness. ASPIN, originally introduced for decompositions into
subdomains, is natural for high concurrency and reduction of global synchronization. We consider
both types of inexact Newton algorithms in the field-split context, and we augment the classical
convergence theory of ASPIN for the multiplicative case. Numerical experiments show that MSPIN
can be significantly more robust than Newton methods based on global linearizations, and that
MSPIN can be more robust than ASPIN and maintain fast convergence even for challenging problems,
such as high Reynolds number Navier–Stokes equations.
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1. Introduction. Newton-like methods in their many variants are often fa-
vored for the solution of nonlinear systems, especially large algebraic systems aris-
ing from discretized differential equations. However, the problem of “nonlinear stiff-
ness” frequently arises, in which progress in updating the state variables with a global
Newton step is retarded by an often small subset of the variable-equation pairs. Global
Newton-like methods may waste considerable computational resources while the ma-
jority of state variables barely evolve for many iterations until some critical feature
(e.g., boundary or interior layer, aerodynamic shock, reaction zone, contact discon-
tinuity, phase transition) of the solution falls into place, following which the desired
superlinear asymptotic convergence of Newton polishes the root. These unproductive
iterations typically require the solution of large linear systems with ill-conditioned
Jacobians. Worse, Newton may stagnate indefinitely.

To conquer unbalanced nonlinearities and improve global convergence properties,
the additive Schwarz preconditioned inexact Newton (ASPIN) was devised in [5] as
an inner-outer Newton solver, with most of the work performed on independent sub-
problems in inner iterations, plus relatively few outer iterations on a transformed
system, on which Newton is supposed to converge quickly. The key idea of ASPIN is
to transform the original system into a modified system with the same root, and to
solve it using a Jacobian-free [19] inexact Newton method.
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FIELD-SPLIT PRECONDITIONED NEWTON ALGORITHMS A1389

ASPIN has virtues beyond potentially more robust nonlinear convergence:
• The inner nonlinear subproblems possess smaller working sets and, being less
nonlinearly stiff, may require in aggregate less work than the outer iterations
they replace, resulting in a net reduction of execution time.

• The auxiliary inner iteration linear problems are smaller than the global sys-
tem, so the sets of processors that need to synchronize frequently (e.g., be-
cause of inner products or recurrences) to carry out their solution are smaller.
Furthermore, these sets may be asynchronous relative to each other.

• Since the outer iteration is Jacobian-free and the inner iterations work on
subsets of the original system, ASPIN can be implemented with modest ad-
ditions to an existing Newton code, and it is available in the popular PETSc
framework [2].

Various enhancements of ASPIN have been proposed, including two-level versions
[6, 17, 18, 22] to improve the conditioning of the outer Jacobian-free linear problem,
and the incorporation of a rescaling step [16]. For a taxonomy of nonlinear precon-
ditioning methods placing ASPIN in a broader context of scalable nonlinear solvers,
see [3].

The classical ASPIN was presented in [5] as a nonlinear domain decomposition
method. Its algebraic generalization to other types of decompositions was antici-
pated, and here we propose an algebraic variant of ASPIN based on field splitting,
which typically generates subproblems involving nonintersecting subsets of the orig-
inal unknowns, whereas the classical ASPIN in [5] typically generates subproblems
whose unknowns overlap as induced by subdomain geometry. Under field splitting,
a Gauss–Seidel-like sequential ordering of the subproblems is often natural, whereas
domain decomposition naturally generates concurrent problems of Jacobi character.
The Gauss–Seidel-like variant of ASPIN is referred to as the multiplicative Schwarz
preconditioned inexact Newton (MSPIN) algorithm. The field-split preconditioned
inexact Newton method generates a number of subproblems proportional to the num-
ber of identifiable strongly coupled physical phenomena. In contrast, the granularity
of subproblems is arbitrarily large in the classical ASPIN in [5], limited only by res-
olution considerations. In multiphysics problems of large scale, the classical ASPIN
may naturally nest inside the field-split preconditioned inexact Newton methods, or
vice versa.

We briefly review the classical inexact Newton algorithm with the backtracking
technique (INB) [8, 10, 24], which serves as the basic block of both ASPIN and MSPIN.
The INB method is used both as a nonlinear solver for the transformed global system
and for subsystems in the original coordinates. For the discrete nonlinear function
F : Rn → Rn, we want to find a vector x∗ ∈ Rn such that

F (x∗) = 0,(1.1)

where F = [F1, F2, . . . , Fn]
T and x = [x1, x2, . . . , xn]

T . The framework of INB is
described as follows.

Algorithm 1. INB.
An initial iterate x(0) is given. For k = 0, 1, 2, . . . until convergence:
1. Find an inexact Newton direction d(k) such that

‖F (x(k))− F ′(x(k))d(k)‖ ≤ ηk‖F (x(k))‖.(1.2)

2. Determine a step size λ(k) using a backtracking linesearch technique based
on the function f(x) = 1

2‖F (x)‖2.
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A1390 LULU LIU AND DAVID E. KEYES

3. Compute a new approximate solution

x(k+1) = x(k) − λ(k)d(k).(1.3)

Here ηk, called a “forcing term,” determines how accurately the Jacobian linear system
needs to be solved using some iterative method, such as GMRES [25]. Some choices
of ηk based on norms or updates and residuals available as by-products of the main
computation were suggested by Eisenstat and Walker [11].

The rest of the paper is organized as follows. In section 2, we introduce two
types of the nonlinear field-split preconditioned inexact Newton algorithm and derive
formulae for the preconditioned functions and the corresponding Jacobian matrices.
In section 3, we present the details of the field-split preconditioned inexact Newton
algorithm implementation as well as an illustrative example of two scalar components.
Section 4 contains a proof of the equivalence of the original nonlinear system and the
nonlinearly preconditioned system under some reasonable conditions for applications,
the N > 2 extension of which is left for the appendix. Some numerical results are given
in section 5. We conclude with comments on the niche for the field-split preconditioned
inexact Newton algorithm variants.

2. Field-split preconditioned inexact Newton algorithm. Consider a non-
linear root-finding problem (1.1). In order to demonstrate the field-split precondi-
tioned inexact Newton framework, the nonlinear function F (x) is split conformally
into two nonoverlapping components representing different physical aspects as

F (x) = F (u, v) =

[
G(u, v)
H(u, v)

]
= 0, x = [u, v]T .(2.1)

As with the domain-based ASPIN in [5], the field-split preconditioned inexact Newton
algorithm solves a preconditioned problem,

F(x) = F(u, v) =

[
g(u, v)
h(u, v)

]
= 0,(2.2)

which has the same solution with (2.1), where g(u, v) and h(u, v) are defined as the
physical variable corrections of any given x = [u, v]T , and the INB algorithm is used
as the nonlinear solver for the global preconditioned system, as well as the two sub-
models. In this section, we focus on the form of nonlinearly preconditioned function
F(x) and the Jacobian calculation corresponding to the field-split preconditioned in-
exact Newton algorithms. We introduce two types of field-split preconditioned inexact
Newton algorithms: ASPIN and MSPIN.

2.1. ASPIN. We describe first the construction of the Jacobi-type nonlinear
preconditioner. In the ASPIN algorithm, the submodels are solved independently
for the physical variable corrections, and these corrections form the preconditioned
system.

For any given x = [u, v]T ∈ Rn, define g = g(u, v) and h = h(u, v) as the solutions
of the submodels in the original nonlinear system (2.1),

G(u − g, v) = 0,(2.3)

H(u, v − h) = 0.(2.4)
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The Jacobi-type nonlinearly preconditioned function FJ is then defined as

FJ(x) =

[
g(u, v)
h(u, v)

]
, x = [u, v]T .(2.5)

The Jacobian of FJ(x) is not as explicitly available as F ′(x) due to the implicit defini-
tion of FJ(x) via (2.3) and (2.4); therefore, it is necessary to derive a formula for the
application of the Jacobian matrix corresponding to the preconditioned function FJ in
order to apply Newton’s method or its variations. We next describe an approximate,
readily computable Jacobian form of FJ(x).

Let p = u−g(u, v) and q = v−h(u, v). Taking the derivative of (2.3) with respect
to u, we have

∂G

∂p

(
Iu − ∂g

∂u

)
= 0,(2.6)

where Iu is the identity matrix that has the same dimension as the u block. Assuming
∂G
∂p is nonsingular, (2.6) implies

∂g

∂u
= Iu.(2.7)

Next, we take the derivative of (2.3) with respect to v, yielding

∂G

∂p

(
−∂g

∂v

)
+

∂G

∂v
= 0,(2.8)

which is equivalent to

∂g

∂v
=

(
∂G

∂p

)−1
∂G

∂v
.(2.9)

Similarly, taking the derivatives of (2.4) with respect to u and v, we obtain

∂h

∂u
=

(
∂H

∂q

)−1
∂H

∂u
(2.10)

and

∂h

∂v
= Iv,(2.11)

where Iv is again the identity matrix of appropriate size. From expressions (2.7),
(2.9), (2.10), and (2.11), we can write the Jacobian of FJ(x) as follows:

J (u, v) =

[
gu gv

hu hv

]
=

⎡
⎢⎣
(

∂G
∂p

)−1

(
∂H
∂q

)−1

⎤
⎥⎦
[

∂G
∂p

∂G
∂v

∂H
∂u

∂H
∂q

]
.(2.12)

Due to the continuity of F (x), we know that g(u, v) → 0 and h(u, v) → 0, i.e., p → u,
q → v, when x = [u, v]T is sufficiently close to the exact solution. In practice, it is
more convenient to use the following approximate Jacobian:

Ĵ (u, v) =

[
G−1

u

H−1
v

] [
Gu Gv

Hu Hv

]
=

[
Gu

Hv

]−1

J(u, v).(2.13)
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A1392 LULU LIU AND DAVID E. KEYES

The approximate Jacobian matrix Ĵ will generally be dense and expensive to form
explicitly. However, only the multiplication by Ĵ with a given vector x, y = Ĵ x, is
required for Krylov subspace methods when we solve the Jacobian system. In our
implementation, the matrix-vector multiplication Ĵ x = y is carried out as follows:

1. Perform the multiplication w = Jx, w = [w1, w2]
T .

2. Solve Guy1 = w1 and Hvy2 = w2.
3. Form the result y = [y1, y2]

T .
Remark 2.1. In the linear case, this algorithm is the same as physics-based block

Jacobi linear preconditioning. If we have the linear system

F (x) = Ax − b,(2.14)

where

A =

[
A11 A12

A21 A22

]
, b =

[
b1
b2

]
,(2.15)

then the preconditioned system has the form of

FJ(x) = M−1(Ax− b), M =

[
A11 0
0 A22

]
.(2.16)

2.2. MSPIN. In distinction from the ASPIN algorithm, the submodels are
solved sequentially for the physical variable corrections in the MSPIN algorithm, and
the preconditioned system again consists of these corrections. We describe the details
of the construction of the Gauss–Seidel-like nonlinear preconditioner.

For any given x = [u, v]T ∈ Rn, the preconditioned function

FGS(x) =

[
g(u, v)
h(u, v)

]
(2.17)

is obtained by solving

G(u− g, v) = 0(2.18)

for g. With the values of u, v, g, the system

H(u− g, v − h) = 0(2.19)

is solved for h. Since the preconditioned function FGS(x) is implicitly defined via
(2.18) and (2.19), the calculation of the corresponding Jacobian is not straightforward.
Below we discuss a computable form of the inverse action.

As shown in section 2.1, the derivatives of g(u, v) with respect to u and v are

∂g

∂u
= Iu(2.20)

and

∂g

∂v
=

(
∂G

∂p

)−1
∂G

∂v
,(2.21)

respectively. Taking the derivative of (2.19) with respect to u,

∂H

∂p

(
Iu − ∂g

∂u

)
+

∂H

∂q

(
−∂h

∂u

)
= 0.(2.22)
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Assuming ∂H
∂q is nonsingular, (2.20) and (2.22) imply

∂h

∂u
= 0.(2.23)

Taking the derivative of (2.19) with respect to v,

∂H

∂p

(
−∂g

∂v

)
+

∂H

∂q

(
Iv − ∂h

∂v

)
= 0,(2.24)

which is equivalent to

∂h

∂v
= Iv −

(
∂H

∂q

)−1
∂H

∂p

∂g

∂v
.(2.25)

Substituting (2.21) into (2.25), we have

∂h

∂v
=

(
∂H

∂q

)−1
(
∂H

∂q
− ∂H

∂p

(
∂G

∂p

)−1
∂G

∂v

)
.(2.26)

Integrating (2.20), (2.21), (2.23), and (2.26) into the Jacobian of FGS , we get

J =

[
gu gv

hu hv

]
=

⎡
⎢⎣

(
∂G
∂p

)−1

−
(

∂H
∂q

)−1
∂H
∂p

(
∂G
∂p

)−1 (
∂H
∂q

)−1

⎤
⎥⎦
[

∂G
∂p

∂G
∂v

∂H
∂p

∂H
∂q

]
,(2.27)

or, more concisely,

J (u, v) =

[
∂G
∂p

∂H
∂p

∂H
∂q

]−1 [ ∂G
∂p

∂G
∂v

∂H
∂p

∂H
∂q

]
.(2.28)

In our implementation, it is more convenient to use the following approximate Jaco-
bian:

Ĵ (u, v) =

[
Gp

Hp Hv

]−1 [
Gp Gv

Hp Hv

]
=

[
Gp

Hp Hv

]−1

J(p, v).(2.29)

Similarly to ASPIN, Krylov subspace methods such as GMRES are used to solve the
Jacobian system, which require the multiplication of Ĵ with a given vector x, Ĵ x = y,
instead of any explicit calculation and storage of Ĵ .

Remark 2.2. If the matrices A11 and A22 are nonsingular, then we have[
A11 0
A21 A22

]−1

=

[
I 0
0 A−1

22

] [
I 0

−A21 I

] [
A−1

11 0
0 I

]
.(2.30)

With Remark 2.2, the matrix-vector multiplication Ĵ x = y is carried out as
follows:

1. Perform the multiplication w = Jx, w = [w1, w2]
T .

2. Let z2 = w2 and solve Gpz1 = w1.
3. Perform z2 = z2 −Hpz1 and set y1 = z1.
4. Solve Hvy2 = z2.
5. Form the result y = [y1, y2]

T .
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Remark 2.3. In the linear case, this algorithm is the same as physics-based block
Gauss–Seidel linear preconditioning. If we have the linear system

F (x) = Ax − b,(2.31)

where

A =

[
A11 A12

A21 A22

]
, b =

[
b1
b2

]
,(2.32)

then

FGS(x) = M−1(Ax − b), M =

[
A11 0
A21 A22

]
.(2.33)

3. Implementation of the field-split ASPIN and MSPIN. In this sec-
tion, we describe a complete field-split preconditioned inexact Newton algorithm and
implementation details. We also present an illustrative example.

3.1. The field-split ASPIN and MSPIN. Splitting F (x) into G(u, v) and
H(u, v), x = [u, v]T . We set x(0) = [u(0), v(0)]T as the initial guess. The current
approximate solution is denoted by x(k) and x(k+1) is the new approximate solution
obtained through the following algorithm.

Algorithm 2.

1. Compute the nonlinear residual F(x(k)) by solving the submodels.

(a) Starting from g
(k)
0 = 0 and h

(k)
0 = 0, find g(k) and h(k) by solving

subproblems

ASPIN
Solve for g

(k)
i and h

(k)
j simultane-

ously

G(u(k) − g
(k)
i , v(k)) = 0,(3.1)

H(u(k), v(k) − h
(k)
j ) = 0,(3.2)

MSPIN
Solve for g

(k)
i

G(u(k) − g
(k)
i , v(k)) = 0,(3.3)

Solve for h
(k)
j with the new g

(k)
i

H(u(k)−g
(k)
i , v(k)−h

(k)
j ) = 0,(3.4)

where i = 0, 1, . . . until

‖G(u(k) − g
(k)
i , v(k))‖ � εsub−nonlinear−rtol‖G(u(k) − g

(k)
0 , v(k))‖,

and j = 0, 1, . . . until

‖H(u(k), v(k) − h
(k)
j )‖ � εsub−nonlinear−rtol‖H(u(k), v(k) − h

(k)
0 )‖,

or

‖H(u(k)−g(k), v(k)−h
(k)
j )‖ � εsub−nonlinear−rtol‖H(u(k)−g(k), v(k)−h

(k)
0 )‖,

where g(k) is the solution of (3.3).
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(b) Form the global residual,

F(x(k)) =

[
g(k)

h(k)

]
.(3.5)

(c) Check the stopping conditions on F(x(k)),

‖F(x(k))‖ � εglobal−nonlinear−rtol‖F(x(0))‖.(3.6)

2. The initial guess is zero for d(k). Find the inexact Newton direction d(k) by
approximately solving

Ĵ d(k) = F(x(k)),(3.7)

such that ∥∥∥F(x(k))− Ĵ d(k)
∥∥∥ ≤ εglobal−linear−rtol‖F(x(k))‖,(3.8)

where Ĵ has the form (2.13) or (2.29) corresponding to ASPIN and MSPIN,
respectively.

3. Compute the new approximate solution

x(k+1) = x(k) − λ(k)d(k),

where the step length λ(k) is determined by performing linesearch along d(k).
In Algorithm 2, the determination of the partition of the physical variables can

be the most interesting part of implementation, because the best choice is generally
problem-specific. Once the partition and the initial guess are given, we move on to
step 1.

In step 1(a), we solve nonlinear subproblems (3.1), (3.2), (3.3), and (3.4) using
the INB method. It is noted that we need the solution g(k) of the submodel (3.3)
before we solve the second submodel (3.4).

In step 2, no preconditioning is employed for Krylov subspace iterative methods
such as GMRES when we solve the global Jacobian system (3.7) using the INB frame-
work. In fact, nonlinear preconditioning automatically offers a linear preconditioner
for the original Jacobian system. The Jacobian formulae (2.13) and (2.29) correspond
to the block Jacobi preconditioning and the block Gauss–Seidel preconditioning for
the original unpreconditioned equation, respectively.

3.2. A simple example. Following [15], we present a simple example that
demonstrates how the field-split preconditioned inexact Newton algorithm rounds
out a complex contour landscape for the function whose root is sought.

Consider the system F (x) of two nonlinear equations in two unknowns,

F1(x1, x2) = (x1 − x3
2 + 1)3 − x3

2,(3.9)

F2(x1, x2) = 2x1 + 3x2 − 5.(3.10)

It is easy to verify that x∗ = [1, 1]T is a root of this system.
By setting

F1(x1 − δJ1 , x2) = 0,(3.11)

F2(x1, x2 − δJ2 ) = 0,(3.12)
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Table 1

The number of nonlinear iterations. The outer global tolerance is 10−8, and the inner compo-
nent tolerances are both 10−3.

Initial guess x0 INB ASPIN MSPIN

x0 = (0, 0)T 11 7 6
x0 = (0, 2)T 10 7 5
x0 = (2, 0)T 1 8 6
x0 = (2, 2)T 11 7 5

we can solve explicitly for δJi (x1, x2), i = 1, 2, because of the algebraic simplicity of
the system, and derive a nonlinearly preconditioned system FJ(x) corresponding to
ASPIN as follows:

δJ1 (x1, x2) = x1 − x3
2 + 1− x2,(3.13)

δJ2 (x1, x2) =
2

3
x1 + x2 − 5

3
.(3.14)

Similarly, we derive a nonlinearly preconditioned system FGS(x) corresponding to
MSPIN,

δGS
1 (x1, x2) = x1 − x3

2 + 1− x2,(3.15)

δGS
2 (x1, x2) =

2

3
x3
2 +

5

3
x2 − 7

3
,(3.16)

by solving

F1(x1 − δGS
1 , x2) = 0,(3.17)

F2(x1 − δ∗1 , x2 − δGS
2 ) = 0,(3.18)

where δ∗1 is the solution of (3.17). Equations (3.13)–(3.14) are the components of FJ

and (3.15)–(3.16) are the components of FGS in the rootfinding problems FJ = 0 and
FGS = 0, respectively. In a practical implementation of the field-split preconditioned
inexact Newton algorithm, we usually cannot write the preconditioned system explic-
itly, but we solve a Jacobian-free linear system (3.7) for the Newton correction and
evaluate the function via submodel solvers.

The three columns of Table 1 show, respectively, the number of Newton iterations
for solving F (x) = 0 using inexact Newton methods with the cubic backtracking
technique (INB), for solving FJ = 0, and for solving FGS = 0, respectively, starting
from the four different initial guesses: x0 = (0, 0)T , x0 = (0, 2)T , x0 = (2, 0)T , x0 =
(2, 2)T . Compared with ASPIN and MSPIN, the number of nonlinear iterations using
the INB method is more sensitive to the initial estimates. The respective convergence
histories are interpreted in light of the contours distribution of nonlinear systems that
the three methods solve, respectively. From Figures 1 through 3, it is seen that the
preconditioned systems are better balanced, in that the contours are more elliptical.

4. Some analysis of the field-split ASPIN and MSPIN. In this section,
under some reasonable assumptions, we show that the preconditioned system (2.2)
based on physical variable partition has the same solution as the original
system (2.1).
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Fig. 1. Contours of log(‖F (x)‖ + 1).
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Fig. 2. Contours of log(‖FJ (x)‖+ 1).

Considering the nonlinear problem (2.1), let D ⊂ Rn be a neighborhood of the
exact solution x∗, and we make the following assumptions for F (x).

Assumption 4.1. The function F (x) is well-defined in D, and the Jacobian

F ′(x) =
[
Gu Gv

Hu Hv

]
, x = [u, v]T ,(4.1)

is continuous in D and the matrix F ′(x∗) is nonsingular. In addition, Gu and Hv are
invertible at the exact solution x∗.

Lemma 4.2 (see [9]). Assume that F ′(x) exists for all x ∈ D; we define a
uniformly bounded linear operator DF (x′, x′′) for all x′, x′′ ∈ D,

DF (x′, x′′) =
∫ 1

0

F ′(x′ + t(x′′ − x′))dt,(4.2)
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Fig. 3. Contours of log(‖FGS (x)‖ + 1).

such that

F (x′)− F (x′′) = DF (x′, x′′)(x′ − x′′).(4.3)

If F ′(x) is continuous at x∗, then

‖DF (x′, x′′)− F ′(x∗)‖ → 0, x′, x′′ → x∗.(4.4)

It can be shown that these assumptions are satisfied, for instance, for the class of
monotone nonlinear elliptic partial differential equations [4, 9]. Under these assump-
tions, the theory about the local solvability of subproblems [9] can be applied for the
cases (ASPIN or MSPIN) based on physics-based partition. Here we briefly provide
the proof for our special cases.

Lemma 4.3. Under Assumption 4.1, the nonlinear submodels (2.3), (2.4), (2.18),
and (2.19) are all uniquely solvable in a sufficiently small neighborhood U of the exact
solution x∗ in D.

Proof. We show unique solvability for the submodel (2.19) here, and other cases
hold due to Theorem 1.1 in [9]. Let x = [u, v] ∈ D ⊂ Rn, where u ∈ D1 ⊂ Rn1 and
v ∈ D2 ⊂ Rn2 , n1 + n2 = n. Let

S = {1, . . . , n}(4.5)

be an index set, and we define SH = {i1, i2, . . . , in2} ⊂ S as

SH = {i |Fi belongs to the function H, i ∈ S},(4.6)

and a restriction matrix RH ∈ Rn2×n is defined by

(RH)k,l =

{
1, l = ik,
0, l �= ik,

(4.7)

and thenH(x) = RHF (x) in (2.1). According to Assumption 4.1, Hv(x
∗) is invertible.

We choose a sufficiently small neighborhood D′ of the exact solution x∗and let x̂ =
[û, v̂]T . Then we describe a mapping φ : D2 ×D′ → D2 defined by

φ(h, x̂) = h+Hv(x
∗)−1H(û− ĝ, v̂ − h),(4.8)
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where ĝ is the solution of

G(û − g, v̂) = 0.(4.9)

It should be noted that we must have ĝ → 0 as x̂ → x∗ due to the continuity
assumption on F and the local unique solvability of (4.9).

Next, we prove that the mapping φ is a contraction with respect to h.

φ(h′, x̂)− φ(h′′, x̂) = h′ − h′′ +Hv(x
∗)−1RH [F (û− ĝ, v̂ − h′)− F (û− ĝ, v̂ − h′′)]

= [I −Hv(x
∗)−1RHDF (x′, x′′)RT

H ](h′ − h′′),

where RT
H is the transpose of the matrix RH defined in (4.7), x′ = [û− ĝ, v̂−h′]T , and

x′′ = [û− ĝ, v̂−h′′]T . Under Assumption 4.1 and (4.4), we have DF (x′, x′′) → F ′(x∗)
as h′, h′′ → 0 and x̂ → x∗. Hence, there exists a neighborhood U ′ ⊂ D of x∗ and a
positive real number r such that

‖I −Hv(x
∗)−1RHDF (x′, x′′)RT

H‖ � 1

2
(4.10)

holds for x̂, x′, x′′ ∈ U ′ and h′, h′′ ∈ Br(0), where Br(0) is an open ball of 0 with
a radius r. From (4.8), we have φ(0, x̂) = Hv(x

∗)−1H(û − ĝ, v̂). Since H(x∗) = 0
and ĝ → 0 as x̂ → x∗, which implies [û − ĝ, v̂]T → x∗ as x̂ → x∗, we could choose a
suitable neighborhood U ′′ of x∗ such that

‖φ(0, x̂)‖ � 1

2
r(4.11)

hold as long as x̂ ∈ U ′′. Let U ⊂ U ′⋂U ′′ be a sufficiently small neighborhood;
then, according to the local version of the well-known Banach fixed point theorem
(Corollary 1.2 in [13]), there exists a unique fixed point h∗ close to 0 that satis-
fies h∗ = φ(h∗, x̂), which implies H(û − ĝ, v̂ − h∗) = 0 in a small neighborhood U
of x∗.

Lemma 4.4. There exists a neighborhood D̂ ⊂ D of x∗ such that the Jacobian
matrix J defined by (2.12) or (2.28) is nonsingular for any x ∈ D̂.

Proof. Since F ′(x) is continuous and Gu(x
∗) and Hv(x

∗) are invertible,
Lemma 2.3.3 in [23] shows that there exists a neighborhood D′ ⊂ D of x∗ such that
Gu and Hv are invertible, and G−1

u and H−1
v are continuous in D′. Let p = u−g(u, v)

and q = v − h(u, v), x = [u, v]T ∈ D; we know that g, h → 0 as x → x∗ due to the
continuity of F .

For the Jacobian matrix J defined by (2.12), we have

lim
x→x∗ J (u, v) =

[
G−1

u (x∗)

H−1
v (x∗)

]
F ′(x∗) = J (x∗).(4.12)

For the Jacobian matrix J defined by (2.28), we have

lim
x→x∗ J (u, v) =

[
Gu(x

∗)

Hu(x
∗) Hv(x

∗)

]−1

F ′(x∗) = J (x∗).(4.13)

Whether (4.12) or (4.13), J (x∗) is nonsingular. Hence, we may choose a suitable
neighborhood D̂ ⊂ D′ ⊂ D of x∗ such that J is nonsingular for any x ∈ D̂.
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It should be pointed out that the regularity of J in (2.28) close to x∗ has been
given in [12], but it is obtained in a different way. Using Lemmas 4.3 and 4.4, we have
the following theorem.

Theorem 4.5. Under Assumption 4.1, the original system (2.1) and the precon-
ditioned system (2.2) based on physical variable partition have the same solution in a
neighborhood of x∗ in D.

Proof. Assume that x∗ = [u∗, v∗]T is the exact solution of the original system
(2.1); we have

G(u∗, v∗) = 0, H(u∗, v∗) = 0.(4.14)

According to the definition of the physical variable correction in (2.3), (2.4), (2.18),
and (2.19), we have

ASPIN

G(u∗ − g(u∗, v∗), v∗) = 0,(4.15)

H(u∗, v∗ − h(u∗, v∗)) = 0.(4.16)

MSPIN

G(u∗ − g(u∗, v∗), v∗) = 0,(4.17)

H(u∗−g(u∗, v∗), v∗−h(u∗, v∗)) = 0.(4.18)

Due to the local unique solvability shown in Lemma 4.3 and comparing (4.14) with
(4.15), (4.16), (4.17), and (4.18), whether in ASPIN or MSPIN, we have g(u∗, v∗) = 0
and h(u∗, v∗) = 0, i.e., x∗ is a solution of the preconditioned system F in (2.2).

We next prove that x∗ is also a unique solution of F in some neighborhood Û of
x∗. From Lemma 4.4 and Proposition 2.1 in [1], it is shown that F is a continuously
differentiable function and F ′ is nonsingular in a neighborhood U1 ⊂ D̂ of x∗ (D̂ from
Lemma 4.4). According to the inverse function theorem of calculus, the solution is
unique in a neighborhood U2 ⊂ U1 ⊂ D̂.

Hence, there exists a neighborhood U ′ ⊂ U2

⋂
U (U from Lemma 4.3) such that

F and F have the same solution x∗ in U ′.
Remark 4.6. We can generalize the notation and theory to N > 2 components

for both ASPIN and MSPIN algorithms. The extension for the ASPIN framework is
straightforward. Appendix A provides the extension of the Jacobian form (2.28) of
the preconditioned systems corresponding to the MSPIN framework.

5. Numerical results. In this section, we apply a two-component physics-based
partitioning strategy to three model boundary value problems that are paradigmatic
of its uses in practice. In the first, which involves a single unknown with different
behavior in different subdomains of a priori known locations, one partition contains
unknowns comprising an interior spike, and the other contains the unknowns in the
regions of solution smoothness. In the second, which is a prototype for coupling in
multiphysics problems, one partition contains unknowns involved in a nonlinear ODE,
and the other contains the unknowns in an algebraic system, serving as coefficients in
the ODE. In the third, one partition contains all the vorticity unknowns in a Navier–
Stokes problem, which come from a nonlinear PDE with the velocities as coefficients,
and the other contains the velocity unknowns, which satisfy linear equations for a
given vorticity distribution.
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Table 2

Comparison of the number of nonlinear iterations for different methods in the rightmost three
columns. “No. points” indicates the number of grid points used to discretize the ODE. The points
between Gleft and Gright are unknowns in G.

No. points Gleft Gright Its. INB Its. ASPIN Its. MSPIN

100 48 53 5 2 1
500 236 265 5 2 2
1000 471 530 6 2 1
5000 2351 2650 5 2 2

5.1. Nonlinear boundary value problem. In this example, we consider a
nonlinear boundary value problem [20] given by

−u′′ + u3 + (4× 108(x− 0.5)2 − 2× 104)u− 109e−3(x−0.5
0.01 )2 = 0, x ∈ (0, 1),(5.1)

u(0) = 0, u(1) = 0,(5.2)

which has a solution satisfying the boundary conditions to well within the machine-
roundoff

u(x) = 103e−( x−0.5
0.01 )2 .(5.3)

There is a large spike around x = 0.5. Using the usual second-order central difference
approximation for u′′, the discretization of this ODE on a fine uniform grid results in
a system of nonlinear equations. The resulting nonlinear problem is solved using three
methods: the inexact Newton backtracking method (INB), ASPIN, and MSPIN. For
the latter two, the equations are split into two sets denoted by G and H , where the
system G refers to the equations discretized at the points around x = 0.5.

We clarify the details of the field-split preconditioned inexact Newton algorithms
for this example using 100 discretized equations. The system G consists of the dis-
cretized equations 48–53 with unknowns u48–u53, and other equations belong to
the system H with unknowns u1–u47 and u54–u100. The values for u47 and u54

from the previous iterate for H are treated as the boundary values for the system
G, and the values of u48 and u53 from the previous iterate for G as the bound-
ary values for the system H . The initial guess is zero for u1, u2, . . . , u100. Fol-
lowing the experience in [16], the global system is solved using the INB method
with the parameters εglobal−nonlinear−rtol = 10−6, εglobal−linear−rtol = 10−8, and
εsub−nonlinear−rtol = 10−3 is the stopping condition for the subproblems nonlinear
iterations.

Table 2 shows the number of Newton iterations for the different methods on
problems of different resolution. The nonlinearly preconditioned Newton’s methods
are effective in reducing the number of global nonlinear iterations.

5.2. An ODE coupled to an algebraic system in one dimension. We
consider an ODE coupled to an algebraic system in one dimension:

−(vux)x + λu2 = 1 on (0, 1) subject to u(0) = 0, u(1) = 1,(5.4)

exp(v − 1) + v =
1

1
1+u + 1

1+u2
x

,(5.5)
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Table 3

Global nonlinear and linear iterations using globalized INB, ASPIN, and MSPIN.
εglobal−nonlinear−rtol = 10−10, εglobal−linear−rtol = 10−8, εsub−nonlinear−rtol = 10−3. “ ∗”
indicates that linear iterations are not available, since the nonlinear methods stagnate at the line
search.

Number of PIN iterations
Methods λ = 0 λ = 100 λ = 1000 λ = 3000 λ = 5000
INB 6 6 15 - 9
ASPIN 6 - - - -
MSPIN 5 5 5 5 5

Average number of GMRES iterations per PIN
INB 12 18 14 ∗ 7
ASPIN 21 ∗ ∗ ∗ ∗
MSPIN 10 9 8 8 7

where ux is discretized using forward differences, and the discretization places v at
staggered points. This is example 28 in the scalable nonlinear equations solvers subdi-
rectory of PETSc, modified by the addition of a quadratic term in u, so that both com-
ponents are nonlinear after splitting. Fifty grid points are used for this problem. The
function u0(x) = x(1−x) and v0(x) = 1+0.5 sin(2πx) are used to be the initial guesses
for u(x) and v(x). Considering the partition with respect to u and v, we split the
problem into two submodels G and H that are dominant in u and v, respectively. The
system G consists of the discretized equations of (5.4) with u-unknowns using the most
recent values of v as the coefficients, while the discretized equations of (5.5) with v-
unknowns belong to the systemH , where the values of ux are computed using the most
recent values of u. We set the tolerance parameters as εglobal−nonlinear−rtol = 10−10,
εglobal−linear−rtol = 10−8, and εsub−nonlinear−rtol = 10−3 is the stopping condition for
the subproblems nonlinear iterations. The analytical Jacobian matrices are used in
this example.

Table 3 shows the number of Newton iterations and linear iterations for the differ-
ent methods on problems with different parameters λ. The MSPIN method is effective
in reducing the number of global Newton iterations, but the ASPIN method is very
sensitive to the parameter λ. The failure of the ASPIN method and the INB method
happens when the line search fails.

5.3. Driven cavity flow problem. We consider the two-dimensional lid-driven
cavity flow problem [5, 6, 22] in the domain Ω = (0, 1)× (0, 1) with three unknowns:
the velocity u, v and the vorticity ω.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−Δu− ∂ω
∂y = 0,

−Δv + ∂ω
∂x = 0,

− 1
ReΔω + u∂ω

∂x + v ∂ω
∂y = 0.

(5.6)

Here u = 1, v = 0 on the top boundary and u = 0, v = 0 on the other boundaries.
The boundary condition on ω is given by its definition:

ω(x, y) = −∂u

∂y
+

∂v

∂x
.(5.7)
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Considering the partition with respect to velocity unknowns and the vorticity un-
knowns, we split the system (5.6) into two submodels:

G :

⎧⎨
⎩

−Δu− ∂ω
∂y = 0,

−Δv + ∂ω
∂x = 0,

(5.8)

and

H : − 1

Re
Δω + u

∂ω

∂x
+ v

∂ω

∂y
= 0.(5.9)

A finite difference scheme with the five-point stencil is used to discretize the PDEs,
which is a standard PETSc example [2]. Upwinding is employed in the vorticity equa-
tion and the vorticity boundary condition is differenced inward with respect to the
normal direction. It is noted that this is only a first-order discretization. As the
Reynolds number is increased on a fixed mesh, the discretization artificially diffuses
the boundary layers, but the point of pushing the Reynolds number beyond the dis-
cretization is to obtain parameterized nonlinear algebraic problems of fixed size that
are increasingly difficult for (unpreconditioned) globalized Newton methods.

Here, the subproblems obtained from the discretization of (5.8) and (5.9) are
linear, which are solved by GMRES with the ILU(0) preconditioner. We set the
tolerance parameters as εglobal−nonlinear−rtol = 10−10, εglobal−linear−rtol = 10−6,
εsub−linear−rtol = 10−3. The Jacobian matrices are formed using a finite difference
scheme. We run the test for the uniform meshes 64× 64, 128× 128, and 256× 256.

Newton can be sensitive to the initial guess. Our first tests set the initial guess
to be zero for u, v, and ω. Table 4 compares a global inexact Newton-GMRES-
ILU with backtracking (INB) against ASPIN and MSPIN. (A fill level of 6 is chosen
for ILU since level 5 or 6 minimizes runtime for the linear solver overall across all
convergent experiments, balancing cost per iteration against the number of iterations.)
For ASPIN and MSPIN, the two linear problems involved in (2.13) and (2.29) are
solved directly. For small Reynolds numbers, corresponding to weak nonlinearity, the
INB can have the smallest number of outer Newton steps. However, the advantage is
quickly lost with increasing Reynolds number, and for modest Reynolds number, INB
fails to converge nonlinearly altogether even with exact linear solves. The threshold
for the 128×128 mesh for this problem and discretization was determined to be Re =
770.0 in [5]. Both the field-split preconditioned inexact Newton methods converge for
all Reynolds numbers. The MSPIN method is superior in nonlinear iterations to the
ASPIN method. The average number of GMRES iterations increases when the mesh
size is increased for a fixed Reynolds number. In contrast, the number of nonlinear
iterations using the ASPIN method increases, and the average number of GMRES
iterations increases considerably, when the mesh size varies from 64× 64 to 128× 128
to 256× 256.

Next we change the initial guess. The initial guess is still zero for u, v, and ω,
except u = 1 on the top boundary. The ASPIN method fails to converge once the
Reynolds number passes the value Re = 1136 on the 128 × 128 mesh, and it suffers
from stagnation before the Reynolds number reaches 1136, while MSPIN converges
for a much larger range of Reynolds numbers, as shown in Figure 4. The MSPIN
method is not very sensitive to changes of parameters via the tests above, such as the
initial guess, the mesh size, and the Reynolds number, and is therefore more robust
than the ASPIN method.
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Table 4

Global nonlinear and linear iterations using globalized INB, ASPIN, and MSPIN on dif-
ferent mesh sizes. The initial guess is zero for u, v, and ω. εglobal−linear−rtol = 10−6,
εglobal−nonlinear−rtol = 10−10. The finite difference step size for the matrix-free Jacobian applica-
tions is 10−8. “ ∗∗” indicates that nonlinear iterations are not available, because linear iterations
fail to converge after 10, 000 steps.

64 × 64 mesh
Number of PIN iterations
Methods Re = 10 Re = 100 Re = 1000
INB 3 5 17
ASPIN 4 9 10
MSPIN 4 5 4
Average number of GMRES iterations per PIN
INB 19 24 26
ASPIN 23 37 39
MSPIN 13 18 15

128 × 128 mesh
Number of PIN iterations
Methods Re = 10 Re = 100 Re = 1000
INB 3 5 ∗∗
ASPIN 4 9 13
MSPIN 4 5 5
Average number of GMRES iterations per PIN
INB 37 62 -
ASPIN 24 42 64
MSPIN 14 21 20

256 × 256 mesh
Number of PIN iterations
Methods Re = 10 Re = 100 Re = 1000
INB 3 5 ∗∗
ASPIN 4 10 18
MSPIN 4 6 6
Average number of GMRES iterations per PIN
INB 93 200 -
ASPIN 25 47 139
MSPIN 15 24 28

The nonlinear preconditioning demonstrated here is one of several globalization
techniques for systems for which INB fails if applied directly, such as the driven cavity
on a fine mesh at high Reynolds number. One may apply mesh sequencing, initializ-
ing the fine mesh with converged results from recursively coarsened meshes. One may
invoke parameter continuation, initializing the high Reynolds problem with solutions
at recursively lower values (noting that at infinitesimal Reynolds number, the problem
becomes linear and SPD in each variable). One may also apply pseudo-transient con-
tinuation by prepending a temporal evolution term to the vorticity transport equation,
and approaching the desired steady state through a physically motivated transient,
beginning with a very small timestep and adaptively increasing it in inverse proportion
to fractional power of steady-state residual reductions. These and other strategies are
discussed in [19], with references to the literature. Our purpose in this contribution
is to offer a complementary technique to desensitize Newton to the initial guess and
improve the nonlinear conditioning in a fundamental way that may, if necessary, be
further combined with the others.

Finally we show some parallel results on a 16-rack IBM Blue Gene/P supercom-
puter with quad-core PowerPC 450 I/O nodes (850 MHz, 4 GB RAM). In
Table 5, we consider the most nonlinear and the most linearly ill-conditioned problem
of Table 4, on which INB does not converge unassisted. On this, we demonstrate
modest strong scalability for ASPIN and MSPIN within the PETSc framework. For
ASPIN and MSPIN, all subproblems and linear problems involved in the nonlin-
early preconditioned Jacobian application are solved by GMRES with BoomerAMG
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Fig. 4. Nonlinear residual history for the driven cavity flow problem with different Reynolds
numbers. The initial guess is still zero for u, v, ω, except u = 1 on the top boundary.

preconditioners [14]. We vary the number of processors at Reynolds number 1000 and
the scaling behaviors are shown for both methods and all four relative tolerance tun-
ings. Because performance is generally dependent on linear convergence tolerances,
we experiment with four combinations of loose and tight tolerances for the individual
subproblems and the systems in (2.13) and (2.29). We see that execution times are
more sensitive to the outer tolerances than to the inner.

Figure 5 shows strong scaling behaviors for ASPIN and MSPIN on a 1024 ×
1024 mesh at Reynolds number 1000, using 16, 32, 64, 128, 256, 512, and 1024
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Table 5

Execution times for strong scaling of the lid-driven cavity for ASPIN and MSPIN on a 256×256
mesh at Reynolds number 1000, for tight and loose relative convergence tolerances on the subprob-
lems and global preconditioner linear systems solutions. The initial guess is zero for u, v, and ω.
εglobal−linear−rtol = 10−6, εglobal−nonlinear−rtol = 10−8. εsub−rtol denotes the relative tolerance
for the subproblems (which are linear in this example), and we specify εJac−rtol as the relative tol-
erance for the linear problems in (2.13) and (2.29). The finite difference step size for the matrix-free
Jacobian applications is 10−8. “ Np” indicates the number of processors, which does not have to be
square. Performance for INB is not shown since it fails to converge on this mesh and this Reynolds
number from a zero initial guess.

Execution time (s)

256 × 256 mesh

Methods Np
εsub−rtol = 10−3 εsub−rtol = 10−3 εsub−rtol = 10−6 εsub−rtol = 10−6

εJac−rtol = 10−3 εJac−rtol = 10−6 εJac−rtol = 10−3 εJac−rtol = 10−6

ASPIN

4 2363.98 3273.88 2194.43 3219.34
16 687.68 943.91 654.32 976.95
32 397.12 589.86 395.26 588.95
64 272.4 412.27 276.03 405.92

MSPIN

4 175.31 245.59 199.64 248.18
16 57.04 74.06 56.74 74.48
32 32.17 45.86 34.55 46.33
64 22.31 31.64 23.90 31.79

10
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10
3

10
2

10
3

10
4

Number of processors

E
xe

cu
tio

n 
tim

e 
(s

)

1024 × 1024 mesh

 

 

ASPIN
MSPIN

Fig. 5. Strong scaling for the driven cavity flow problem on a 1024 × 1024 mesh at
Reynolds number 1000. The initial guess is still zero for u, v, ω. εglobal−linear−rtol = 10−3,
εglobal−nonlinear−rtol = 10−8, εsub−rtol = 10−3, and εJac−rtol = 10−3. εsub−rtol denotes the
relative tolerance for the subproblems (which are linear in this example), and we specify εJac−rtol

as the relative tolerance for the linear problems in (2.13) and (2.29). The finite difference step size
for the matrix-free Jacobian applications is 10−8. Execution time for ASPIN using 512 processors
is not shown since it fails to converge on this mesh and this Reynolds number from a zero initial
guess.

processors. For ASPIN and MSPIN, all subproblems and linear problems involved in
the nonlinearly preconditioned Jacobian application are also solved by GMRES with
BoomerAMG preconditioners. In terms of the execution time, MSPIN scales well for
up to 1024 processors, while ASPIN scales well for up to 256 processors and it fails
to converge using 512 processors on this mesh and this Reynolds number from a zero
initial guess.
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6. Concluding comments. In this paper, we present nonlinearly precondi-
tioned inexact Newton methods with physics-based field-split partitioning and extend
the existing theory for existence and uniqueness for monotone nonlinear systems in a
straightforward way to the Gauss–Seidel version. The theory does not predict conver-
gence rates; however, numerical results illustrate that the nonlinear preconditioners
are effective in improving on the performance of the global Newton iterations. The
MSPIN algorithm is more robust than ASPIN.

Field splitting is an option that can be combined with domain-splitting. The
former is often useful for coarse granularity where intuition can play a role in problem
decomposition. The latter is extensible to fine granularity. A combination of the two
may be natural for large-scale simulations with natural partitions between the models.
Even though the domain-based ASPIN is robust for some problems [5, 7, 16], local
subproblems may still fail to converge due to unbalanced nonlinearities or the lack of
a good initial guess [21]. The field-split algorithms provide additional options.

Appendix A. The nonlinear function F (x) is split into N � 2 components
representing different physical aspects as

F (x) =

⎡
⎢⎣
F̂1(u1, . . . , uN )

...

F̂N (u1, . . . , uN )

⎤
⎥⎦ = 0, x = [u1, . . . , uN ]T .(A.1)

The preconditioned function

FGS(x) =

⎡
⎢⎣
T1(u1, . . . , uN)

...
TN(u1, . . . , uN)

⎤
⎥⎦(A.2)

is obtained by solving the following equations sequentially:

F̂1(δ1, u2, u3, . . . , uN) = 0,

F̂2(δ1, δ2, u3, u4 . . . , uN) = 0,
...

F̂N (δ1, δ2, δ3, δ4, . . . , δN ) = 0,

(A.3)

where δi = ui − Ti, i = 1, 2, . . . , N .
We define

ûi =

⎡
⎢⎣
u1

...
ui

⎤
⎥⎦ , ûc

i =

⎡
⎢⎣
ui+1

...
uN

⎤
⎥⎦ , T̂i =

⎡
⎢⎣
T1

...
Ti

⎤
⎥⎦ , δ̂i =

⎡
⎢⎣
δ1
...
δi

⎤
⎥⎦ ,(A.4)

and then F̂i in (A.3) is written as

F̂i(ûi − T̂i, û
c
i) = 0,(A.5)

where i = 1, 2, . . . , N . Taking the derivative of (A.5) with respect to ûi, we have

∂F̂i

∂δ̂i

(
Ii − ∂T̂i

∂ûi

)
= 0,(A.6)
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where Ii is the identity matrix that has the same dimension as the ûi block. Next,
we take the derivative of (A.5) with respect to ûc

i , yielding

∂F̂i

∂δ̂i

(
− ∂T̂i

∂ûc
i

)
+

∂F̂i

∂ûc
i

= 0.(A.7)

Using (A.6) and (A.7), we have[
∂F̂i

∂δ̂i

∂F̂i

∂ûc
i

]
=

∂F̂i

∂δ̂i

[
∂T̂i

∂ûi

∂T̂i

∂ûc
i

]
,(A.8)

from which we deduce that

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

∂F̂1

∂δ1
∂F̂1

∂u2

∂F̂1

∂u3
· · · · · · ∂F̂1

∂uN

∂F̂2

∂δ1
∂F̂2

∂δ2
∂F̂2

∂u3
· · · · · · ∂F̂2

∂uN

...
...

...
...

∂F̂N

∂δ1
∂F̂N

∂δ2
∂F̂N

∂δ3
· · · · · · ∂F̂N

∂δN

⎤
⎥⎥⎥⎥⎥⎥⎦

(A.9)

=

⎡
⎢⎢⎢⎢⎢⎢⎣

∂F̂1

∂δ1

∂F̂2

∂δ1
∂F̂2

∂δ2

...
...

. . .

∂F̂N

∂δ1
∂F̂N

∂δ2
∂F̂N

∂δ3
· · · ∂F̂N

∂δN

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

∂T1

∂u1
· · · ∂T1

∂uN

...
...

∂TN

∂u1
· · · ∂TN

∂uN

⎤
⎥⎥⎥⎦ .

Hence, the Jacobian of the preconditioned system (A.2) corresponds to the block
Gauss–Seidel linear preconditioning for the matrix A.
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